Inflation and the semiclassical dynamics of a conformal scalar field 
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We derive the semiclassical evolution of massless conformally coupled scalar matter in the de Sit- 
ter space-time from the Born-Oppenheimer reduction of the Wheeler-DeWitt equation. We find a 
remarkable difference with respect to the minimally coupled case: the effect of the quantum gravi- 
tational corrections do not depend on the momentum of the scalar mode up to second order in the 
Planck length and, therefore, there are no relevant corrections to the dispersion relation. 



o 
o 

(N 
o 

Q 
o 



CD 

(N 
> 
m 

00 

p 

00 

o 

O 



X 



PACS numbers: 04.60.Kz,04.60.Ds,04.62.-|-v,98.08.Hw 



I. INTRODUCTION 

Inflation [H has by now become the standard picture of 
the early Universe since it solves some of the problems of 
the standard big-bang scenario and allows one to make 
testable predictions about the spectrum of the cosmic 
microwave background radiation. It also provides a win- 
dow towards trans-Planckian physics as it magnifies 
all quantum fluctuations and red-shifts originally trans- 
Planckian frequencies down to the range of low energy 
physics currently observed. 

In general, one expects that the standard results of 
quantum field theory can be no more fully trusted on 
approaching the Planckian regime or, at least that the 
dispersion relations of matter fields change for large 
wavenumber k. Most attempts have tested the effects 
of dispersion relations uj = uj^k) chosen ad hoc [2]. In 
Ref. [3,], we have instead derived the dispersion rela- 
tion for a minimally coupled massless scalar field from 
a minisuperspace action by lifting the principle of timc- 
reparameterization invariance to a quantum symmetry. 
We then obtained an Hamiltonian constraint from which 
the Born-Oppenheimer (BO) reduction Q allowed to 
properly and unambiguously recover the semiclassical 
limit of quantum field theory on a curved background 
starting from the Wheeler-DeWitt (WDW) equation Q . 
This procedure yields "quantum fluctuation" terms in 
the matter equation whose effect on the power spectrum 
was derived for the simplest model of de Sitter inflation. 

In the present paper, we wish to extend the analysis 
to the case of a generic coupling between the matter field 
and gravity and will also include an inflaton field so as to 
consider a generic inflationary evolution, at least for the 
more formal part. We shall flrst show that it is possible to 
treat both the cosmological scale factor a and the inflaton 
semiclassically, and obtain the relevant corrections for 
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the matter field. We shall then specialise again to de Sit- 
ter infiation, this time for conformally coupled massless 
scalar matter and derive its effective dynamics. Quite 
remarkably, we shall see that no relevant corrections ap- 
pear at (relatively) large scale factor in the Schrodinger 
equation and the dispersion relation remains unaffected, 
u! ~ k/a, to second order in the Planck length. Of course, 
it is well known that a conformally coupled scalar field 
can be rescaled and, by making use of the conformal time, 
it decouples from background gravity (i.e., to zero order 
in the Planck length). However, our approach allows us 
to show that, in a sense, this decoupling extends to in- 
clude quantum gravitational fluctuations to second order 
in the Planck length. The effect of such fluctuations is 
given in terms of complicated operators acting on the 
scalar field state and the "triviality" of the final result is 
therefore not at all obvious from the outset. 

In the next Section, we shall briefly introduce the 
model and its classical dynamics. For the sake of gener- 
ality, we shall treat the inflaton as an independent degree 
of freedom minimally coupled to the cosmological scale 
factor and also consider a generic coupling of the pertur- 
bation fleld to gravity. The WDW equation in the BO 
decomposition will then be analysed in Section llU and its 
application to the specific case of a conformally coupled 
perturbation in de Sitter inflation given in Section IIVI 
Finally, we shall comment on our findings in Section IV] 

We shall use units with c = 1 and k = 8 tt Gn- 



II. CLASSICAL MODEL 

Let us begin by briefly reviewing the classical dynam- 
ics for the system in consideration. More details can be 
found, for example, in Ref. @, where however only one 
matter field was considered. 

We start from the action 
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where ^' is the minimally coupled inflaton, <I> describes 
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perturbations with a generic coupling ^ to gravity, m 
and /X are the mass of ^' and $ respectively, g is the 
determinant of the metric and V{'^) a potential for ^E*. 
Given the FRW metric 0] 



where K = 0, ±1 is the spatial curvature and / = dtf. 



dr 



1 - A>2 



'dn- 
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where N = N{t) is the lapse function and a = a{t) the 
scale factor, the curvature scalar becomes 
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We are primarily interested in considering the field $ as 
a perturbation over the background driven by the inflaton 
^ff. Denoting with i/ife a given mode of <i> and with ip 
the homogenous mode of 4", the above expression can 
therefore be written as the sum over the actions for each 
mode of 



- Na^dt 
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in which we eliminated second derivatives of a by inte- 
grating by parts ^ , 
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(5) 



and V — V / K where V a^^ is the "volume of the universe" . 
In the following, we shall just consider one mode at a 
time and omit the corresponding index k when this does 
not cause confusion. 



A. Lagrangean dynamics 

Varying the action and then setting = 1 (proper 
time gauge t = t, so that / = drf ) yields 



^ ^, , K\ 1 / -2 2 ,2 



a 

4=0 



(6) 
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(7) 



a"^ S(f> 



K 



(8) 



1 5S ( a „ 1 ,\ 

^^^-(v3 + 3-^ + ..V+2^;)-0. (9) 

It is also easy to verify that the Hamiltonian con- 
straint ^ is conserved for any $, 



dH . 5S ■ 5S ■ ^5' _ ^ 

dr 5a Stj) 5ip 



B. Hamiltonian dynamics 

The conjugate momenta are given by 
dL 



Pn = 



0, 

ON 
dC 6 a 



(9a iV 

9£ a^ ( ■ _ ^ . , \ 
^ = -(a<^ + 6ea<^j 



a^ 



TV ' 

and one can re-express the super-Hamiltonian as 

\2 p2 



[aPa-%i 



(10) 



(11) 



12 a3 11/5(0) 



^-3i^a(«-C02) 



2a3 ' 2 

where we have again set = 1 and 



(12) 



(13) 
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Of course, equivalent expressions of the super- 
Hamiltonian can be implemented by applying canoni- 
cal transformations. For example, in order to quan- 
tise the system canonically, it is more convenient to use 
H = W^{(j)) H (see Ref. [6|] for the details), namely 



12 a3 
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(14) 



where O is any operator and (O) = {X \0\ X). In details. 
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III. SEMICLASSICAL MODEL 

The quantization of the system is realized canonically, 
i.e. by replacing the classical variables and momenta with 
the respective operators. The Hamiltonian constraint 
H = then becomes the WDW equation 12] 



= . 



(15) 



A convenient way to treat this equation is to operate the 
BO factorization d, i, H 

*(a,(/.,(^) =V(a)^(0, </';«) . (16) 

The operators Pa, -P^ and P^ are defined as usual, 

Pa = -ihda , P^ ^ -ihd^ , P^ = -ihd^ , (17) 

and we also define the scalar product 

{X\Y)= fd^ X* (^, V?; a) F (</), ip; a) . (18) 



It is now convenient to factor out a geometrical phase 
and redefine the wavefunctions as 



{X\Pa\X)da 



(19) 



, -- {X\Pa\X)da 
X^X = e f^J X 



from which it follows that ip X — ip X and 

{X\Pa\X)=0. (20) 
We shall omit tildes from now on. 

A. Gravitational equation 

We obtain the equation for the gravitational wavefunc- 
tion ip by contracting the WDW equation with {X \ , and 
using Eq. 

{X\d{c^,i;) Pa\X i:) = ({6 Pa) + {O) Pa) , (21) 



Assuming that the effect of A*^^) is negligible and that 
?A is peaked on a classical trajectory a = air), we can em- 
ploy the WKB approximation, neglecting terms of order 
or higher. 



ip ^ ■0WKB = e h 



+T (5*0 + hSi) 



(23) 



where Sq and 5*1 are implicitly defined by the relations 
daSo — Pa 



daS,^f{a)^'-. ^^^^ 



2 Pa ~~ z{a) 



(24) 



whence 



6 ^ 

z{a) = — 
a 



Pa^ WKB — 

[Pa + hf{a)]i,^ 



(25) 



This allows us to write the semiclassical Hamilton- Jacobi 
equation for a — a(T), 

^ iw^{v- a')) \ m pi) + pi) 



2a3 {W() 



A2 p2 



= -3^ 



Pi) - id) Pa 



= A. 



in which we used the semiclassical expression for Pq, 



(26) 



Pa^&-{4>P^)-Qaa{W^) 
a 



(27) 



Neglecting A^, approximating the mean values of prod- 
ucts of operators with the products of their mean values, 
replacing P^ and P^ with their classical expressions, and 
expanding W^, one can finally recover the semiclassical 
gravitational equation 
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B. Matter equation 



C. Separating the Schrodinger equation 



The equation for the evolution of matter states is ob- 
tained by computing 



H\X^) - \X){X\H\X^) = 



(28) 



Note that the procedure defined by this formula implies 
that our matter equations will always contain structures 
of the form O — (O) for relevant operators O, and this will 
turn out very important, for example, for the operator 
ordering [see the discussion after Eq. ([54]) ]. 

We can introduce the (proper) time according to 



aFa = -ina — ^ -ih — 
oa OT 



and, using Eq. yields 

ihdr- (^-(i?))] \X) = A("')|X) , 



where 



H = H, 



(29) 
(30) 

(31) 



and 



^(™) 



12 a (Wf) 
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a 



ih { aa .da {W^} 

a H h a a — ^ 

aa \ a (w^) 



iPa,) - adaUP^, 



a2 (W^) 

The two Hamiltonians are given by 



P, 



(32) 



— 



2W 



P 

-4- + uj^ 4>'^ - 6 K a (v - ^4/ 



a 



a3 {We) 



(2 {$p^)4>P^-4>^P^) 



2a^a{We) 

-\({4>p4,)~ada{4>P^ 



a+ — ) {Wc)+aada{We) 



Hu, — 



>P^ (33) 
(34) 

X ^ X = Xe J ' ^ , (35) 

we recover the usual Schrodinger equation for the full 
matter wavefunction 



Upon neglecting A*^™^ and rescaling \ X) as 

(H) dr 



ihdr\X) = H\X) 



(36) 



The scalar fields </> and ip still appear together in 
Eq. (j36p . However, if we write the matter wavefunction 
as the product of a wavefunction for the infiaton and one 
for the perturbation. 



X{(j),ip;a) = x{(l>', a) p{ip; a) 



(37) 



we can derive two separate Schrodinger equations for the 
wavefunctions x p from Eq. pop . 

To find an evolution equation for the infiaton, we con- 
tract Eq. ([50)1 with (x | and obtain 

\hdr-{H^-{p\H^\p))] |p) = (x|A(")|xp) , (38) 

where the right hand side is given by 
1 



(X|A(")|XP) 



12 a (We) 



Pa-{p\Pa\p) 
da{We) 



ih aa 
1 + ^ +a , , 



UP^)_^ada{^\ p 
aa-^{We) ) " 



\P) ,(39) 



in which we used 



{{x\^P.pPa\x)-{iP4>Pa))\p)^Q 



(40) 



We will assume that the effect of the quantum fluctua- 
tions p9|) on the background can be neglected. Hence, 
by rescaling p as usual. 



pe 



{p\H^\p) dr 



(41) 



Eq. ([55)1 becomes a Schrodinger equation for the infiaton 
in which the field does not enter explicitly. In the WKB 
approximation for p (as well as a) one can therefore con- 
sider solutions to the classical Einstein equations which 
are not affected by the presence of the perturbation (p 
(the particular case of de Sitter infiation will be analysed 
in the following Section). 

We shall likewise obtain the evolution equation for the 
perturbing field (j). Contracting equation ([50]) with 
we get the following equation for 



ihdr-H^ + {x\H^\x) 

= (HA(")|px) , 



We 



1 {p\h.Ap) 



\x) 

(42) 
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where 

(p|A(™)|^^)=_ 



1 



-12 



12a{W() 



Pl-{x\Pl\x) 



a 

ih I ^ ad 

— 1 + — 
a \ 



> P4.) j Pa - {<l> P4. Pa) 



P^)-ada{^P^) \ 



Pa\\x) ■ (43) 



It is worth noting that the infiaton ip exphcitly con- 
tributes to the dynamics of x whenever the operator 
does not act triviaUy on x- It is only in that case that 
one obtains 



(44) 



(ihdr-Hc^) Ix) = 0, 

after neglecting (p|A'™^|px) ^nd rescaling 



-- / {xm\x)dT 



(45) 



IV. DE SITTER INFLATION 



Since the minimally coupled case ^ = on the flat 
{K = 0) de Sitter space-time has already been studied 
in details in Ref. we shall here apply the general for- 
malism developed so far to the conformal case ^ = 1/6 
and 11 — with 

a(T) = aoe^", (46) 

where Ti is the Hubble constant and we set a(0) — gq 
for the arbitrary value of the scale factor at proper time 
T — [1^. We also require that the matter mode k lies 
inside the de Sitter horizon, at least at the initial time 
T ~ tq, so that 



k > Ti a(To) . 
Eq. (l43l) then simplifies considerably, since Wi 

(p|A(")|px) - [Pa - {x\P!\x) 

[4>P^~{x\4>Pc,\x)~^fl]Pa 
{x\^P<t>Pa\x) 



(47) 
V and 
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a 





Ix) 



(48) 



where £p = v~^^^ is the Planck length. All these contri- 
butions, once evaluated on an invariant eigenstate (see 
next Subsection), will turn out to be of order hip. 
The Hamiltonian is now given by 



Hrl, 



^0 



+ 6^ 



£p Hp 



n<hPs 



£p Hp 



(49) 



where we have explicitly separated the perturbing Hamil- 
tonian 



0^p| {i>p^)$p^ , i$p^ 



6a3 



(50) 



A final simplification can be obtained by re-phasing x 
according to 



(xliJoIx) dr 



X ^ X.S = X e ' 
which yields 

(iHdr-Ho) IXs) - A, 

where 



(51) 



(52) 



A, 



6ha^ [2 
, f (Ho) 



n 



{dr {dr),) 

{ihdr — {Hq 



>Pa)^ + ih\ {cbP^-{^P^ 



i h 

n 



n 2 



1 

n 



>P^),+ih 



(53) 



with {O), = (xs |0|xs) for any operator O. 

So far no particular operator ordering was chosen for 
(j) and Pcf,. We shall now choose the Weyl ordering by 
symmetrising A^ in (j) and according to 



2(hP^ 



>P^ + P^ 



2(hPs -ih 



(54) 



^2 p2 02 p2 _ 2 i /i^p^ - hy2 



Any other ordering would eventually result in different c- 
number terms (proportional to fi^) which do not appear 
in As due to the general form A, ^ O — {O), [as we 
noted after Eq. (^5)) ]. Substituting in Eq. (|5^ . after some 
algebra, one obtains 



4s 

6 7ia3 



(^ihdr - i?o) IXs 



Xs) , (55) 



where 



>Pri. 



(56) 
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and 



n 



n / (Ho) 



h \ n 



[Ho - (Ho) 



n 



(57) 



These are the expressions which we shall estimate in the 
following. 



A. Perturbative analysis 

We now proceed to solve the matter equation ([55]) per- 
turbatively (in £p). As can be seen by looking at Eq. ([55]) 
and ((57|) [see also the discussion following Eq. ([^ ]. the 
terms denoted by E and A represent a perturbation to 
the usual Schrodinger equation only when 



/2 



« 1 , 



(58) 



so, strictly speaking, it is only for (relatively) late times 
such that [141 



/2 



(59) 



that the perturbative treatment makes sense. In what 
follows, we will then assume that this relation holds and 
neglect terms proportional to e^, so that 



1 - eE 



(60) 



However, we shall also discuss what might happen out- 
side of this regime. 

To zero order in e, the matter equation is just jl5| 



(61) 



ihdr-H^) Ix.) = , 

with an Hamiltonian of the form 



(62) 



in which the invariant operators b and 5^ are defined 
in Appendix [X] Note that the squeezing term contain- 
ing (5^)^ and b^ vanishes for vanishing H, although this 



limit is critical for our treatment in that the definition 
of time l[29|l loses its meaning for a ^ [l^. In par- 
ticular, on assuming that matter modes are generated 
in a Bunch-Davies vacuum [tantamount to our condi- 
tion (|XT5)) ] and using Eqs. (|A32p - (|A36[) . the effect of the 
perturbation A given in Eq. (|57|) on invariant eigenstates 
I Xs) = I n) can be easily estimated as 



eA 



hn 



b^] 



24 a3 



(") 



6tl -P 



(63) 



Even if the regime e > 1 is clearly non-perturbative, 
one could try to examine in a qualitative way what hap- 
pens assuming that Eqs. ((X32)) - ((X36)) still hold approxi- 
mately. One then finds 



eA 



l + ie hn 
■ e 



1 - e E 1 + e2 4 
For e ~ 1, this expression then yields 
e A l + i 



(64) 



1-eE 
and, for e » 1, 
eA 



■hU 



6t 



(65) 



1 - eE 



-hU 

4 



m -b' 



(66) 



It is remarkable that, in all regimes, the correction 
amounts to a mere renormalization of the coefficient of 
the squeezing term independent of fc, so that the effective 
Schrodinger equation can be written as 



ihdr- Hncw) Ixs) = , 



where 



and 



hk 



bH 



I el 



■l3hH 



(67) 



(68) 



12 7^a3 



for e < 1 



for 



for e > 1 



(69) 



Except for the case e » 1, the operator Hnew is however 
not Hermitian, despite the fact that the approach fol- 
lowed ensures that the evolution of the system remains 
unitary [T]| . Note also that the squeezing term remains 
negligible for large momenta, that is aTL/k ^ 1. 
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B. Late time dispersion relation 

The case e < 1 is similar to £^ 5^ < 1 in Ref. [1]. 

One can therefore employ the same kind of perturbative 
expansion, 



\Xs) ^ \ns) ^ (i + 6^ Rn) \n) , 
where -R„ must then satisfy 

(^i h drRn — Hq , Rn 

This implies that 



where 



Rn^rb' 



iar + 2kr 



1 



(70) 

(71) 
(72) 
(73) 



whose solution [assuming r(T oo) = 0] is given by 

2ik- 



r(r) = 



1 



96 P 



1 + 1 1 - e Ua 



, (74) 



from which it is again clear that i?„ is not anti-Hcrmitian 
[a — a{T) is given in Eq. pG]) ]. 

In order to determine a (modified) dispersion relation 
for the mode fc, we first need to determine an effec- 
tive Hermitian Hamiltonian Hgg so that the states | Xs) 
evolved by it produce the same expectation values for 
any observables X as those given by |xs) in Eq. ([70| . 



{Xs\X\xs) = {Xs\X\xs) ■ 
To first order in e, we can write 

where the complete propagator U is given by 
U~ (i + iS^Hn) Uo , 



with Uo the propagator for the Schrodinger equation ([6T|) . 
so that 



(75) 
(76) 

(77) 



\Xs)^\ns)^U\n)^(^ 
After some algebra, one finds 



(78) 



(79) 



The Hermitian operator Hn can be finally determined by 
imposing the condition (|75|) for X — 0^, P| and {<^, P^}, 
which yields 



+ n + 1 
2n+l 



rb^-r* {b^'f 



(80) 



where r = r(T) is the same solution to Eq. (|73|) . Putting 
all the pieces together, the effective Hamiltonian is then 
given by 



.(81) 




with effective mass and frequency 



p2 



12fca2 



and 



Woff(C = 1/6) ^ w 



7(e = i/6) = -| 



(82) 
(83) 

(84) 



To make the comparison easier, we report here the results 
for the minimally coupled case 



M(e = 0) 



1 



Weff(C 

7(C 



0) ~ w (^1 + 



ill 

k 



(85) 
(86) 
(87) 



The most evident difference is therefore that the effec- 
tive frequency Wcff(C — 1/6) — a; to first order in The 
effective mass is changed in both cases by terms pro- 
portional to l/Zc, which can be interpreted as a different 
"effective" cosmological scale factor a^a = /i^/'^(fc) for 
each matter mode. We remark that matter modes are 
generated inside the Hubble horizon, so that no infrared 
divergence occurs in the above expressions by virtue of 
Eq. gZD. 



V. CONCLUSIONS 

We have analysed the dynamics of a scalar field gener- 
ically coupled to gravity driven by an infiaton following 
the approach of Refs. After showing under which 

conditions one can treat the cosmological scale factor and 
the infiaton as (coupled) classical degrees of freedom, 
we specialized to massless conformally coupled matter 
in de Sitter infiation. 

The main conclusion is that, at least in the perturba- 
tive regime e <C 1 corresponding to a relatively large cos- 
mological scale factor (compared to the Planck length), 
quantum gravitational corrections in the Schrodinger 
equation are negligible, since one can introduce an effec- 
tive Hamiltonian (jSip with the same effective frequency 
and squeezing term (to order ^|) that appear in the usual 
equation (|6ip obtained from quantum field theory on that 



e = 



classical background. This result can be viewed as an where b^\0) =0 and 
extension to order £p of the well-known fact that confor- 
mally coupled scalar fields evolve freely on a cosmological 
background and is strikingly different from what we ob- 
tained for a minimally coupled scalar field in Ref . , for 
which both the effective frequency and squeezing term 
instead contain corrections starting at order £p . 



" dt 



(AlO) 



APPENDIX A: MATTER STATES FOR 
GENERAL COUPLING 

The unperturbed Eq. can be solved for a general 
value of ^ provided 



1 



so that the Hamiltonian can be expressed as 
Ho = huj^ (^4"« + ' 

where 



(Al) 



(A2) 



(A3) 



and [d^,a|] = 1 with 



2h 



(A4) 



For this Hamiltonian, the relevant invariant opera- 
tors 0, H, [T^ satisfying = 1 are given by 



bf = 



2h 



+-+6- k-7 



(A5) 



and its Hermitian conjugate. The function a — ct{t) 
must be a solution to the Pinney equation 



with 



3\ 



3\ a 



(A6) 



(A7) 



The eigenstates of the invariant number operator, 

hb\n) ^blb^\n) ^ n\n) , (A8) 

then provide us with the exact solutions we are looking 
for, namely 



\n)^-^^(bl) |0), 



(A9) 



For a de Sitter space-time, with a^/a^ = d/a — Ti.^, 
we then have 

02 = Ae-2^^-B, (All) 

where 

A^k^ + 6^K , B = 36 (^- 1/4)^7^2 _ ^2 ^^^2) 
The general solution to Eq. (jA6P can be written as 



cr= —\/cihl + C2hl + 2^/ciC2 -'uPhih2 , (A13) 
w * 

where hi and /12 must be any two linear independent 
solutions to the auxiliary homogeneous equation 



(A14) 



w = hi h2 — hi /i2 is their Wronskian and ci, C2 are co- 
efficients to be fixed by appropriate initial conditions at 
r = tq. For example, a common requirement is that 
the invariant number operator and the Hamiltonian are 
proportional at t = to = —00 [3, 0] 

hb{T — —00) cx Ho(t = —00) . (A-15) 

This amounts to requiring that 

oc 6| 6^ , at r = —00 . (A-16) 

It can be shown that this uniquely implies that 

d^ (xb^ , oc &| , at T = —00 , (A17) 

and from these relations one finds the appropriate initial 
conditions for a as 



cr(ro = -00) 



1 



■ I \ 3 , , 3 7i 

cr(To = -00) = - na[-co) = 

2 2^tj^(-cx)) 



(A18) 



It also follows that 1 0) is then the usual Bunch-Davies 
vacuum of minimum energy at r = Tq. 

A convenient pair of solutions h\ and /12 is given in 
terms of the Hankel functions 



hi(T;v)^iH'i}\z)^iJy{z)-N^{z) 
h2{T;v)^iH'if\z)^iJ,{z)^N,{z) 



(A19) 



where iJ, J and N are the Hankel, Bessel and Neumann 
functions respectively. 



-Ht 



(A20) 
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and w = an/iT 

We can now use the large z expressions jl^ of the 
functions hi and /12, 



T - 



' H 2 



n 

cos I 

A 



-Ht 



Btt 



2H 



. ■ n -Hr 

-I sm — =e 



TT 

4 



Btt 



2H 



n 



(A21) 



which is real by virtue of the condition ((47|) . The solution 
to the Pinney equation (jA6p then turns out to be very 
simply 

air) = ^ = /I . (A29) 
The invariant annihilation operator (jA5[) becomes 

6= — ^ (VAJa^ + i^^ I , (A30) 
v 2 h \ Vka J 

from which 



i2 ~ ^e 



' H 2 



cos ( ^e-«- 



TT 

4 



Btt 



2U 



I sm 



7i 



-Ht 



Btt 



A 



n 

/ttA 



{l + i)e 



Then, on considering that 



Ae 



-Ht 



-■Ht -/b-k 



for T 



e 2 



2H 
(A22) 

(A23) 



and imposing the initial conditions (jA18[) on Eq. (jA6p . 
one finds that ci and C2 as function of the initial time tq 
must decay exponentially for tq — > ~oo, 



2 k a? 



+b 



(A31) 



We also obtain the following useful relations 

((^P^ - (0P^)) \n)^'-h [(6t)2 _ S^] \n) (A32) 



4 



64 + (fet)4_4fo2+4(6ty 



|n) (A33) 



Cl = /12 + 
6 7^2 



(2/12-3H/12)' 



4^5 



(A24) 



Att 



2H „~H TQ_^ , 

.Va'' H 



A--ine^''° 
4 



C2 = /»! 



(2/11 SHhiy 
4w^ 



(A25) 



Att 

and we can set 



Cl = C2 = 



4 



(A26) 



Finally, the solution to the Pinney equation (|A6|) fulfilling 
these initial conditions is 



TT 

TH 



\ 



-Ht 



-■Ht 



(A27) 



For a conformally coupled — 1/6) massless (/i = 0) 
scalar field in spatially flat [K = 0) de Sitter, one has 
WiiQ = V [so that Eq. hold] and 



2 2 



Ha 



(A28) 



(^Ho - (Ho)) \n)^'-hn (b' - (St)2) \n) (A34) 

(0P^5,))|n) ^^hnf^b^^ib^)^ 

_(St)4 _ fo4 _ + 1) [(6t)2 - 6^1 1 \n) (A35) 

a rt L J I 



{^l-{^^^))\n)=-^^[{2n+l)(b'^(b^y 



+i 



Ha 



(A36) 



Using Eq. (|A29[) , one can also write the coefficients of the 
Bogoliubov transformation. 



St = + 77* a 



(A37) 



as 



I + ix — Vl ~ " 
2{l-x^f* 



(A38) 



1 — ix + y/1 — x^ 
2(l-a;2)i/4 



where x = Ti. a/k. 
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